Abstract: This paper investigates the problem of propagation of planar and non-planar weak shock waves in a non-ideal medium. The mathematical formulation developed in this work leads to a closed system of coupled transport equations which efficiently describes the strength of a shock wave and the first order discontinuities induced behind it. The influence of the parameter of non-idealness and the non planar configuration of the wavefront on the nonlinear distortion, attenuation and shock formation of pulses, are discussed in detail. An analytical expression for the shock formation distance is obtained and a direct comparison between the ideal versus the non ideal gas flow is established. Also, the usual asymptotic decay laws for weak shock are recovered.
Introduction
The evolutionary behavior of nonlinear waves, such as shock waves and acceleration waves, in diverse branches of continuum mechanics has long been a subject of great interest from both the physical and mathematical points of view [1] [2] [3] . The practical importance of these waves has increased in last decades due to their particular applications in blast wave phenomena, supersonic flows, sonic booms and more recently their application to the motion of satellites and other bodies moving through the interplanetary and interstellar media.
In contrast to acceleration wave, which is defined as the propagating jump discontinuity in at least one of the first derivative of the field variables, with the field variables themselves being continuous, the shock waves are defined as the propagating jump in at least one of the acoustic field variables and they are very difficult to analyze because their evolutionary behavior is always coupled with that of the higher order discontinuities that accompany them. Whereby, the evolutionary behavior of shock strength is governed by an equation that involves coupling to the rearward flow (see [4] [5] [6] ). Wright [4] has derived a single transport equation for the variation of the jump in specific volume across a shock in an inviscid gas and assumed the coupling term to be known. However, a single transport equation is inadequate to reveal the complete evolutionary behavior of shock strength as the coupling term in this equation remains unknown. Therefore, one has to look for another transport equation for the coupling term in order to obtain a closed system of evolution equation. In this context, a rigorous mathematical approach has been carried out by Maslov [7] . He derived an infinite set of identities for the shock amplitude and higher order derivatives of field variables which describe the kinematics of a weak shock wave propagating through an inviscid, isentropic gas. A similar method has been developed by Grinfeld [8] to study the weak shock waves in elastic materials. Later, Prasad [9] extended this idea for the shock wave of arbitrary strength by truncating the infinite system of compatibility conditions at an appropriate level and proposed a new theory of shock dynamics (NTSD Ravindran and Prasad [10] ) which enables one to compute the position and strength of a shock front and also to determine the flow behind the shock up to a short distance. Another approximate theory for the study of shock motion has been developed by Anile [11] . The method, in fact, is based on an asymptotic expansion in a neighborhood of the wave front and provides an efficient tool for approximately solving the problems of weak shock propagation in many cases of interest in continuum mechanics. Russo [12] discussed the general features of GWE method and made a comparison between the results obtained by GWE and the exact solution obtained by shock fitting technique. He found that under appropriate regularity assumptions the method provides an approximation of exact solution of the desired order for short times. However, if the temperature of the gas is very high and density is too low the assumption that the gas is ideal is no longer valid. The popular alternative to the ideal gas is a simplified van der Waals model. In recent years, several studies have been performed concerning the problem of strong shock waves in a van der Waals gas (see, Wu and Roberts [13] , Pandey and Sharma [14, 15] ). In the present study, generalized wave front expansion method is used to investigate the propagation of weak shocks in one dimensional unsteady flow of an inviscid fluid obeying van der Waals equation of state. A coupled system of two transport equations, which efficiently describes the strength of a shock wave and the first order discontinuities induced behind it, is derived along the rays of governing equations. An analytic expression elucidating how the shock formation distance is influenced by the parameter of non-idealness as well as the non planar geometry of the wavefront is obtained.
Governing Equations
The system of Euler equations, describing the conservation of mass, momentum and energy for one dimensional planar ( = 0), cylindrically symmetric ( = 1) and spherically symmetric ( = 2) motion of a non ideal gas can be modeled as Wu and Roberts [13] 
Here and , respectively, are space and time coordinates, U ≡ U , 1 ≤ ≤ 3, is the column vector denoting the dependent field variables; F ≡ F (U),G ≡ G(U) and = (U) are the column vectors of field variable defined as,
where is the fluid velocity, is the pressure and ρ is the density; γ is the specific heats ratio and is the van der Waals excluded volume and it sets a limit on the maximum possible density, i.e., ρ max = 1/ . We consider that initially the wave propagation takes place into a uniform medium characterized by a flow field at rest with constant density and pressure fields, namelyU + = (ρ 0 0 0 ) T . Hereafter the subscript "0" refers to evaluation at the uniform state unless stated otherwise. It is well known that a system of equations written in the form (1) admits a shock wave that may be initiated in the flow region, and once it is formed, it will propagate by separating the portions of continuous regions. Let = χ( ) represents the location of the moving shock front at any time across which the flow variables and their derivatives suffer finite jump discontinuities, then a shock wave solution of (1) may exist if across the surface of discontinuity χ( ), following Rankine-Hugoniot conditions are satisfied,
where V = χ is the speed of propagation of the wavefront into the medium characterized by U + . The square brackets enclosing an entity denote the amplitude of the jump in that entity across the shock frontχ( ), defined as [U] = U − U + . Here U + and Ucorrespond to the states just ahead and behind the shock front, respectively.
Asymptotic expansion near the wave front
As a shock wave does not generally lie on the characteristic surface of the governing equation, and therefore it is not possible to define a ray as a trajectory derived from the characteristic equation. Also it is not possible to find first the motion of shock wave and then its amplitude since the two are strongly coupled. However, for weak shocks, the generalized wave front expansion is an easy way to deal with the shock motion. Anile [11] has shown that for weak shock it is possible to introduce the concept of rays and developed a theory which provides the evolution of the shock front without calculating the flow behind it. The entire analysis is based on an asymptotic expansion in a neighborhood of the wave front summarized below: Assume that, over some finite time interval [ 0 ], the following asymptotic expansion is hold (see Anile [11] )
It is to be noted here that the first expansion starts with the first power of ε whereas the second one starts with a constant term. The implication of such an expansion is that the shock strength is small, but the accompanying discontinuity is assumed either to be finite or to be small with the shock strength. Then, because of the analyticity of F (U) and G(U) they can be expanded, behind the shock, in terms of small parameterε; therefore for any quantity (U) (either of
Evolution of Weak Shocks
The system (1) can further be recast into quasi-linear hyperbolic form as follows
where A ≡ A = M −1 N is a 3 × 3 matrix having the non zero components
M and N are the Jacobian matrices defined as
. The system of Eq. (5) is hyperbolic one with the eigenvalues λ 1 = − ,λ 2 = and λ 3 = + of the coefficient matrix A. Here, is the isentropic speed of sound defined as 2 
=

∂ ∂ρ
If it is assumed that the discontinuity [U] across χ( ) is a ' − ' (see Jeffrey [2] ), which corresponds to the eigenvalue λ 3 , then it is possible to write λ 3 < V and lim
In other words, for a ' − ', one can
Substituting the expansions (3) and (4) into the jump conditions (2) and collecting terms of like order in ε, one obtains
where L and R are the left and right eigenvectors, respectively, of the matrix Acorresponding to the eigenvalue λ 3 given by
Eq. (7) implies that Y 1 is collinear to the right eigenvector R, therefore, one can write Y 1 = π( )R with π( ) as the shock strength. From the kinematics of singular surfaces, it is known that the following compatibility relation must hold at the wavefront Thomas [12] 
where δ/δ denotes the time rate of change measured by an observer travelling with χ( ). Taking jump in the field Eqs. (5), which is permissible since it is assumed that these equations hold on both sides of χ( ), and using the compatibility relation (9) we get
10) Using the expansions (3-4) into (10) and equating to zero the coefficients of the various powers of ε we obtain,
Eq. (11) implies that Y 1 0 is collinear to the right eigenvector R, therefore, one can writeY 1 0 = ( )R with ( ) as the measure of the shock amplitude, to be determined later. If = ∂ + λ 1 ∂ is defined as the derivative taken along the shock rays, then
Applying the foregoing analysis together with Eqs. ( (7)- (8), (13)) to the Eq. (12), we derive the first compatibility relation which governs evolutionary behavior of shock strength. After left multiplying by L and carrying out some simple algebraic manipulations, the evolution equation results in the following form,
where θ = 0/ 2 and Γ = 1 + (ρ 0 0 ) ∂ ∂ρ + ρ 0 0 ∂ ∂ ρ is a thermodynamic quantity. The value of Γcan be determined by using the equation of state. The first term of Eq. (14) represents the evolution of shock strength due to the shape and strength of the shock itself whereas the term containing exhibits the effect of the flow behind the shock. The other term gives the effect of the geometry of the wave front and the flow ahead on the shock. The presence of the unknown term in Eq. (14) shows that this equation is, however, unable to give an analytical description of the evolutionary behavior of the wave front. We, therefore, require another compatibility relation describing the evolution of .
Evolution equation for accompanying discontinuity
As noticed in the previous section that Eq. (14) is not closed due to presence of the unknown term therefore to proceed further, it is necessary to obtain another transport equation for . To derive the second transport equation describing the evolution of , we first take the spatial derivative of Eq. (5) and subtract these equations written ahead and behind the shock. The resulting equation, after using the compatibility relation (9), gives
Using expansions (3-4) in the above equation and left multiplying by L, while terms of O1 only are retained, yields the following compatibility equation
Here, all the symbols have their usual meaning defined earlier. Eq. (16) is the required transport equation governing the propagation of first order discontinuity associated with the shock strength π. It is interesting to notice that Eq. (16) is similar to the equation which governs the evolutionary behavior of acceleration waves in various gasdynamic regimes (see [16] [17] [18] [19] [20] ) and therefore analysis of this equation concerning the local behavior of follows on parallel lines. It follows immediately that Eq. (16) does not contain any unknown term and thus the equations ( (15)- (16)) form a closed system of compatibility equations for weak shocks. Also, it may be noticed that the evolution Eq. (16) contains only the zeroth order terms therefore the derivation is valid only if amplitude of the induced discontinuities, that is , is of O1.
Example
The study presented in previous sections is quite general and can be applied to any fluid. However, for illustration we consider the propagation of weak shock into a non ideal medium where the governing Eq. (1) is supplemented with the van der Waals equation of state of the form [13] = ρRT
where R is the gas constant and T is the temperature. It may be noted that = 0 corresponds to the ideal gas case. For such a gas the isentropic speed of sound and Γ can be evaluated as 
Results and Discussion
In this section Eqs. ( (17)- (18)) are solved to investigate the effect of the non-idealness on the evolutionary behavior of shock strength as well as the jump in the first order derivatives of the field variables. It is easier to deal with the position as an independent variable instead of the time . Therefore, we re-write Eqs.
( (17)- (18) (14)- (15) (17)- (18)) subject to the above initial conditions yield
Cylindrical case( = 1): In this case Eqs. ( (17)- (18)) can be integrated at once giving
Spherical case ( = 2): In this case the solution of Eqs.
( (17)- (18)) takes the following form
Distortion of the wave form and shock formation distance
Since γ and (1 −¯ ) are positive quantities therefore it follows from (21-26) that the behavior ofπ andθ, for increasing˜ , will depend on sign of θ 0 and hence that of ω. It is evident from Eqs. (21-26) that the positive values of θ 0 (i.e. an expansion wave with ω > 0) causesπ as well asθ to decrease as the wave advances in direction. While for negative values of θ 0 (i.e. a compression wave with ω < 0),π andθ increases monotonically and the solution provided by (21-26) no longer remain valid after a finite running length˜ . In fact, the weak shock assumption breaks down beforeπ andψ approach to infinitely large values and the distance˜ may be regarded as an indication of this. A simple physical explanation of the appearance of shock wave may be that a shock is formed owing to the inertial overtaking of flow particles, that is, when the first characteristic could intersect the successive one. Thus a shock can form only when initial disturbance is compressive and the corresponding shock formation distance˜ with respect to the different geometrical configuration of the waves are given as (spherical case) therefore, it may be concluded that the width of the cylindrical and spherical shock waves increase like˜ 1/4 and (log˜ ) 1/2 , respectively. These results agree with those obtained by Landau [22] and by Whitham [[1] , pg. 312-322]. To make the physical aspects more accessible, we now discuss the effects of dissipative mechanism on account of the presence of van der Waals excluded volume . would be in an ideal gas case, i.e.¯ = 0. Furthermore, Fig. (4) shows that the non planar geometry of the wave front also increases decaying of weak shocks, that is, a spherical shock decays faster than a cylindrical or plane shock as one would expect.
Figs. (5-7) illustrate the variation of planar, cylindrical and spherical shock strengthπ with a given value of initial strength for various values of¯ . It may be observed that the shock formation is considerably affected by the parameter of non idealness. An increase in the values of¯ causes to enhance the onset of shock wave; however, non planar configuration of the wave front has an opposite effect in the sense that the shock formation is delayed in spherical case in comparison to cylindrical or plane case and the corresponding situation is depicted in Fig.(8) . Fig. (9) shows the dependence of the shock formation distance on¯ for a given value of ω. It can be seen that higher values¯ leads to shorter shock formation distance. 
Conclusion
In this article, generalized wavefront expansion technique is employed to study the propagation of weak shocks through one dimensional unsteady planar and radially symmetric flow of an almost ideal gas. A coupled system of transport equations, which characterizes the shock strength and the first order discontinuities induced behind it, has been derived as an acoustic approximation from the governing equations and the Rankine-Hugoniot conditions. The analysis of these equations which accounts for the kinematics of the shock fronts and the flow behind them, leads to the determination of the shock formation distance which serves as an important parameter in studying the effects of the parameter of non-idealness and the non planar configurations of the wavefront on the nonlinear distortion, attenuation and shock formation of pulses. It may me noted that increasing values of parameter of non idealness causes to enhance the onset of shock wave; however, the wave front curvature has an opposite effect in the sense that the shock formation distance in spherical symmetry is larger than for the cylindrical symmetry or plane case. Also, it is observed that the decaying of plane, cylindrical and spherical shocks varies according to˜ 
